Abstract-We analyze the optimization framework for the rate allocation problem proposed by Kelly and investigate the stability of the system with arbitrary fixed communication delays between network elements. We show that there is an underlying discrete time system arising from a natural market structure. The stability of this market equilibrium is directly related to the stability of the rate control system. We first present general stability conditions of the system with arbitrary delays, and then apply these results to establish the stability of the system with a family of popular utility and resource price functions of interest to us.
I. INTRODUCTION Since Kelly [4] has proposed an optimization framework for rate allocation for elastic traffic, researchers have proposed various rate-based algorithms, in conjunction with a variety of active queue management (AQM) mechanisms, that solve the optimization problem or its relaxation [5] , [9] . These algorithms are typically modeled using fluid models where the rate updates are described by differential equations. The convergence of most of these algorithms has been established initially only in the absence of communication delay between network elements and users, and only recently there has been some work on establishing the stability of such systems with delays [2] , [3] , [10] .
Although our study is similar to these works in that we are interested in providing conditions for the global stability of rate control system, instead of providing a sufficient condition on the delays and users' gain parameters, the motivation of our work is to design a robust rate control mechanism in the presence of arbitrary communication delays between network resources and end users. In other words, our goal is to find a pair of an end user algorithm and a network resource feedback mechanism that can ensure the system stability regardless of delays between network resources and end users. Our approach is consistent with the philosophy that network protocols must be simple and robust given the complexity and scale of the Internet, and may prove to be more suitable for wireless ad hoc networks and satellite networks where delays are often expected to be unpredictable and widely varying.
The main results of this paper can be summarized as follows: First, we show that the stability of the rate control system described by a set of delay differential equations can be studied by looking at the stability property of a natural underlying market mechanism given by a discrete time map, which is easier to analyze and simulate. If the underlying market described by a discrete time map has a stable market equilibrium, then the rate control system is stable and user rates converge to the solution of the optimization problem in the presence of arbitrary delays under a mild condition (Section IV). This result provides us with a new methodology to study a class of delay differential equations, i.e., we can transform a set of delay differential equations to a discrete time map and study the stability of the delay differential equations from that of the discrete time map. In addition, the study of the underlying discrete time maps typically provides us with more insight than the delay differential equations themselves. Second, the rate control system with arbitrary delays (under a mild condition) is stable if the same system with a homogeneous delay [11] is stable with appropriate initial conditions (Section VI). In other words, the detailed delay structure between network elements and end users does not affect the stability of the system. This paper is organized as follows. Section II describes the optimization problem for rate control. Section III describes the system model with communication delays. Section IV studies a simple case where the feedback delay from the resources to a user lies only in the reverse path. We apply our results in Sections IV to establish the stability condition for a popular class of utility and resource price functions in Section V, which is followed by a study of general models where the delays between senders and resources are captured in more details in Section VI.
II. BACKGROUND
In this section we briefly describe the rate control problem in the proposed optimization framework. Consider a network with a set L of resources or links and a set I of users. Let C l denote the finite capacity of link l ∈ L. Each user has a fixed route r i , which is a non-empty subset of L. We define a zero-one matrix A, where A i,l = 1 if link l is in user i's route r i and A i,l = 0 otherwise. When the throughput of user i is x i , user i receives utility U i (x i ). This utility function could represent either the user's true utility or some function assigned to the user through the selected end user algorithm. We take the latter view and assume that the utility functions of the users are used to select the desired rate allocation among the users. The utility U i (x i ) is an increasing, strictly concave and continuously differentiable function of x i over the range x i ≥ 0. The rate control problem can be formulated as the following optimization problem [4] : 
The first constraint is the capacity constraint.
Assume that every user adopts rate-based flow control. Let w i (t) and x i (t) denote user i's willingness to pay per unit time and rate at time t, respectively. 2 Now suppose that at time t each resource l ∈ L charges a price per unit flow of µ l (t) = p l ( i:l∈ri x i (t)), where p l (·) is an increasing function of the total rate going through it. Consider the system of differential equations
where
For an explanation of (2), see [5] . Since we assume that the utility functions of the users are selected to decide the rate allocation among the users, under (2) one can see that both users' utility functions and resource price functions can be utilized to decide the operating point of the system. Therefore, the design of rate control algorithms is equivalent to selecting users' utility functions and the price functions of the resources in the network.
Kelly et al. [5] have shown that under some conditions on p l (·), l ∈ L, the above system of differential equations converges to a point that maximizes the following expression
Note that the first term in (3) is the objective function in our SYSTEM(U, A, C) problem. Thus, the algorithm proposed by Kelly et al. solves a relaxation of the SY ST EM (U, A, C) problem.
III. NETWORK MODEL WITH DELAYS
Although the previous studies [2] , [10] attempt to model the delays between the network resources and end users, their models are relatively simple due to the simplicity of the network that was considered. In this section we first describe the network model that captures the delays between the network resources and end users under the assumption that the delays are constant. Although in practice the delays are time-varying due to the varying queue sizes, we assume that the variation in the delays due to fluctuating queue sizes is not significant. For example, AQM mechanisms that attempt to either maintain very small queue sizes, e.g., AVQ, or keep the queue sizes around some target queue sizes, e.g., REM, can be well approximated by our model. A simple case of single-flow, single-link with state-dependent time-varying delay is considered in [12] , where our results show that the time-varying nature of the delay does not alter the stability conditions.
Consider a set I = {1, . . . , N} of users sharing a network consisting of a set L of resources as described in Section II. Let I l be the set of users traversing resource l ∈ L, i.e., I l = {i ∈ I | l ∈ r i }. We assume that p l (·), l ∈ L, are strictly increasing and continuous. The feedback information from the resources to user i, which is typically carried by acknowledgments (ACKs), is delayed due to link propagation and transmission delays. For all i ∈ I and l ∈ r i let T i,l and Z i,l denote the delay of the feedback signal from resource l to user i and the delay user i packets experience before reaching resource l from the sender, respectively. If l ∈ r i , we assume that T i,l = Z i,l = 0. Suppose that the links in r i = {l i,1 , . . . , l i,Ri } are arranged in the order user i packets visit, where
e., the total round-trip delay before the receipt of the ACK of a packet. Under this general model, the end user dynamics are given by the following delay differential equations.
. The price of resource l at time t depends on the rates of the users at time t − Z i,l due to the delay from the senders to the resource. The feedback signal generated by the resource price functions is then delayed by T i,l before user i receives it.
In this paper we are interested in studying the stability of the system given by the set of delay differential equations in (4). In particular, our goal is to find necessary and/or sufficient conditions on the utility and resource price functions that will ensure the convergence of x i (t), i ∈ I, to the solution of (3) regardless of the delays T i,l and Z i,l .
IV. GENERAL NETWORK WITH HETEROGENEOUS DELAYS
In this section we first study a simpler case to illustrate the basic techniques used in this paper for establishing the stability of the rate control mechanism in the presence of arbitrary feedback delays described in Section III and to explain the intuition and insight behind the techniques. We assume that Z i,l = 0 for all i ∈ I and l ∈ L and T i > 0, i.e., for each user i ∈ I there is no forward delay from the sender to its receiver and all of the feedback delay lies in the reverse path from the receiver to the sender, which equals T i . Therefore, in this case the feedback signal from the resources in user i's route experiences the same delay before reaching the sender. The general cases described in Section III where the feedback signals from the resources to the users experience different delays are discussed in Section VI. We assume that there exists some small positive constant h such that round trip delay for ith user, T i = m i ·h, where m i is a nonnegative integer, for all i ∈ I. This does not pose any serious limitation as h can be arbitrarily small and typically devices are driven by local oscillators with fixed frequencies and hence fixed periods. Thus, we can find a common divisor of their periods. Such delays are known as commensurate delays. Following Kelly's rate control formulation [4] , in this simpler model eq. (4) can be simplified to
. We first put (5) in a form that is more suitable for analysis and highlights the underlying market mechanism that is exploited in our analysis. We let t = s · h and normalize time in (5) by h:
Using the substitution
i (y i (t))), and rewrite (6) (substituting t for s for notational convenience) as
is user i's willingness to pay when its rate is x i and f i (g −1 (y)) is user i's total price when the rate vector is given by g −1 (y). Therefore, one can see in (7) that user i attempts to find an equilibrium where its willingness to pay equals its total price.
We can write (7) in the following matrix form:
where κ(·) is a state dependent diagonal gain matrix with
exists for now), and
given by (9) is a multidimensional nonlinear map that plays a crucial role in establishing the stability of the system. We note that this system of differential equations in (9) has the following natural underlying discrete time map with unit time of h.
where y n ∈ IR N + ,ỹ n = (y n−m1+1 , . . ., y n−mN +1 ) ∈ IR N 2 + , and
N (y n−mi+1,N )) . (11) Under this discrete time map, in each iteration every user updates its willingness to pay to its total price (eq. (11)) based on the delayed values of users' willingness to pay. Therefore, one can interpret this as a simple economic model where users are probing the market and adjusting their bids based on the delayed market price and their utility functions. The importance of this multidimensional map will be clear when we prove that the global stability of this map is a sufficient condition for the global stability of the delay differential system given by (9) (and hence (5)) in the following subsection.
A. Convergence Results
In order to establish the stability of the system with multiple users of heterogenous utility functions we need to prove the global convergence in a multidimensional space. Our approach extends the basic approach used by Verriest and Ivanov [14] . The basic idea behind this approach is to use invariance and continuity properties of the underlying discrete time map given in (10) for the differential equations and find a sequence of bounds using convex sets, which converges to the singleton with the solution to (3). Hence, the convergence is derived from the underlying discrete time map, which provides the bounds for the trajectories of the delay differential system.
Following this plan, we first prove the invariance of the system given by (9) when the underlying map (10) has a closed invariant product space. Then, we use this invariance property to establish the asymptotic stability of the system when the underlying discrete time map has a stable fixed point.
Since the rate of a user is typically constrained, due to for instance the receiver buffer size, throughout the paper we assume that x i (t) ∈ [ , B max ], where 0 < < B max < ∞. Hence, when the rate of a flow reaches the upper bound B max (lower bound ), the time derivative d dt x i (t) is given by the minimum (maximum, resp.) between 0 and the right hand side of (5). In addition, we make the following assumptions on the functions g i (·) and f i (·), i ∈ I.
Assumption 1: (i) Utility function U i (·) is continuously differentiable, and g i (x i ) is strictly decreasing with g i (x i ) < 0 for all x i > 0, (ii) the price functions p l (x) are strictly increasing in x for all l ∈ L, and (iii)
Assumption (i) implies that the marginal utility decreases faster than x −1 i from the definition of g i (x i ). Hence, one can see that a change in price per unit flow does not cause a large change in user demand, and user demand is insensitive to price changes. It also guarantees the existence of g −1 i , i ∈ I. It can be seen that under this assumption κ(·) is a positive definite matrix, which turns out to be an important property in proving the convergence results for the system given by (9) . We first define the invariance and a fixed point of the map F (·) that will be used throughout the rest of the paper. Using the invariance property shown in Theorem 1, we study the asymptotic property of the delay differential equation under the assumption that the map F (·) has a stable fixed point, i.e., the market given by (10) has a stable equilibrium.
Assumption 2: The multidimensional map F : IR
Theorem 2: (Asymptotic Stability) All solutions y(t) starting with initial functions φ ∈ C([−m max , 0], D 0 ) converge to y * as t → ∞ for all ν > 0 and for all m i ∈ Z + , i ∈ I.
Theorem 2 tells us that the attracting fixed point of the map F (·) is stable in the set D 0 .
B. Comparison with Homogeneous Delay Case
In this subsection we discuss the relationship between a homogeneous delay system, i.e., where every user has the same feedback delay, and a heterogeneous delay system discussed in subsection IV-A.
We first describe the system where all users have the same feedback delay T > 0. Eq. (5) can now be simplified to
where T is the common feedback delay of the users. Following earlier steps we can write (12) in the following simple matrix form:
. Note that since every user has the same delay, the multidimensional nonlinear mapF (·) has the domain IR 
. Here one can easily see the market structure in which every user updates its willingness to pay to its total price based on the current values of willingness to pay of all users in each iteration.
Suppose that the multidimensional mapF : IR
has some fixed point y * , and that there is a sequence of closed product spacesĎ k , k ≥ 0, such thatF (Ď k ) ⊂ int(Ď k+1 ) ⊂Ď k+1 ⊂ int(Ď k ) and ∩ k≥0Ďk = {y * }. Then, it is shown that if the initial functions φ ∈Ď 0 , i.e., φ(s) ∈Ď 0 for all −1 ≤ s ≤ 0, then lim t→∞ y(t) = y * for all T > 0 [11] .
A key observation to be made here is the following: Consider a system consisting of a set of users and resources that satisfy Assumption 1. First, suppose that the users have the same delay T and the assumption in the previous paragraph holds for some sequence ofĎ k , k ≥ 0, and hence the system is stable provided that the initial functions lie inĎ 0 . Then, one can easily verify that even when the users have heterogeneous delays, the same sequence D k =Ď k , k ≥ 0, satisfies Assumption 2 and, hence, the system is stable if the initial function belongs to D 0 =Ď 0 .
V. AN APPLICATION TO A FAMILY OF UTILITY AND PRICE FUNCTIONS
In this section we apply the results in Section IV to investigate the stability of the rate control problem described in Section II with a popular class of utility and resource price functions of (14) and (16), respectively. In order to establish the convergence of users' rates in a general network with heterogeneous delays, we use the observation stated in subsection IV-B, which states that the convergence of a system with arbitrary heterogeneous delays can be established by investigating the stability of the system with an arbitrary homogeneous delay.
Suppose that the utility function of a user is of the form
In particular, a = 1 has been found useful for modeling the utility function of TCP algorithms [6] . This class of utility functions in (14) has been used extensively in engineering literature [1] , [4] , [6] . With the utility functions of the form in (14) the price elasticity of demand, which measures how responsive the demand is to a change in price and is defined to be the percent change in demand divided by the percent change in price [13] , is given by
where x * (p) is the optimal rate that maximizes the net utility U (x) − x · p given a price per unit flow p. Therefore, one can see that the price elasticity of demand decreases with a, 3 i.e., the larger a is, the less responsive the demand is. The class of resource price functions that we are interested in is of the form:
where b > 0, c l is some positive constant, and C l is the capacity of resource l ∈ L. However, C l can be replaced with any positive constant, e.g., virtual capacity in AVQ, so that the price function can be dynamically adjusted based on the current load using the virtual capacity as the control variable [7] . Throughout this paper we assume that c l = 1 unless stated otherwise. With the utility and resource price functions of (14) and (16), respectively, the underlying discrete time map of (13) for the homogeneous delay system is given by
Note that x i,n+1 is strictly decreasing in each of x j,n , j ∈ {j ∈ I|r i ∩ r j = ∅}. Let x * be the unique solution of the optimization problem in (3). We assume that x * is an interior point, i.e., A T x * < C. This is to ensure that at the equilibrium the total rate through a resource is no larger than its capacity. If we adopt the resource price functions of (16) with c l = 1 for all l ∈ L, a sufficient condition for this is that C l > |I l |. In practice, the price function at a resource will need to be dynamically updated so that the total rate through it does not exceed its capacity for an extended period by either adjusting the multiplicative constant c l or the virtual capacity as mentioned earlier. 3 When comparing the price elasticity, typically the absolute value of (15) is used.
We define b i max = max l∈ri b l for all i ∈ I and σ = − max i∈I
α is some finite constant larger than one, and β is a positive constant that satisfies α 1/σ < β < α σ . Now, for n = 1, 2, · · ·, we definẽ Now note that as α increases,F (αx * ) goes to 0. Hence, since the rates of the users are in practice constrained from above by the link capacities and receiver buffer size, and bounded away from zero from the fact that there is a lower bound on the transmission rate, 4 we can see that starting from any arbitrary rate vector satisfying the capacity constraint, the rates converge to x * asymptotically from the above results. 
for all i ∈ I , where x(t) is the solution to (5). Our results in this section state that if a i > b i max + 1 for all i ∈ I, then the users' rates converge to the solution of (3) regardless of the users' feedback delays T i . In practice, if there is a lower bound on a i > 1 of the end user algorithms, then the global stability of the system can be established by placing an upper bound on b l of the resource price functions, regardless of the communication delays T i of the users. Moreover, if all users and resources have the same parameters a and b, respectively, then, the condition a > b + 1 becomes the necessary and sufficient condition for the stability of the system.
VI. GENERAL MODELS WITH DELAYS
In this section we build upon the simple model discussed in Section IV and study the stability of the general network model described in Section III. Recall that T i,l and Z i,l , i ∈ I, l ∈ r i , denote the delay of the feedback signal from resource l to sender i and the delay user i packets experience from the sender to resource l, respectively, and they are assumed to be zero if user i's packets do not traverse resource l, i.e., l ∈ r i .
Similarly as in Section IV we assume that there exists some common divisor h such that, for all i ∈ I and l ∈ L, m i,l = T i,l /h and z i,l = Z i,l /h, where m i,l , z i,l ∈ {0, 1, 2, . . .}. Let d max = max i∈I,l∈ri (max j∈I l z j,l + m i,l ). By normalizing time by h, we rewrite (4).
Now we can write (18) in the following matrix form:
, and κ(·) is the state dependent diagonal gain matrix with κ ii (y(t)) = −κ i g i (g −1 i (y i (t))). We can define an underlying discrete time map, where the unit time is h:
where n ∈ Z + , y n = (y Similarly as in Section IV we use this discrete time map to study the stability of the system given by (19). The approach and steps taken for establishing the stability of the system in (19) are similar to those in Section IV.
Let us first define the invariance and a fixed point of the mapF (·). Ri+1 for all i ∈ I, where Ξ = i∈I (R i + 1). A vector y * ∈ IR N is said to be a fixed point ofF (·) if F (y * , . . . , y * ) = y * .
We assume that utility functions and resource price functions satisfy Assumption 1. In addition, we introduce the following assumption. Theorem 5: (Asymptotic Stability) All solutions y φ (t) starting with initial functions φ ∈ Y D0 converge to y * as t → ∞ for all ν > 0 and m i,l , z i,l ∈ Z + .
One can verify that if a system is stable with a homogeneous feedback delay as described in subsection IV-B, then the system with more general delays as described in this section is also stable with the appropriate initial condition. Therefore, this demonstrates that the delay-independent stability of the system studied in this paper depends critically on the selection of users' utility functions and resource price functions, but not on the detailed delays between network elements, e.g., end users and resources. Hence, the stability of the system with a given set of users and network resources can be studied by considering a simple homogeneous delay system discussed in subsection IV-B and its underlying discrete time map with suitable initial conditions.
